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ABSTRACT: We propose a continuum theory to describe the influence of salt on the phase segregation
behavior of polyelectrolyte gels. The equilibrium phase behavior is determined by the steady state
solution of time-dependent Ginzburg-Landau evolution equations using an efficient spectral technique.
Numerical solutions of a model system with density inhomogeneities in one direction show a transition
between no phase separation (swollen gel), nanophase segregation (lamellar nanostructures), and
macrophase separation (collapsed gel); as the salt concentration increases. The wavelength of nanophases
increases with the salt concentration and the resulting parameter regime of nanophases depends strongly
on the salt concentration. We augment the numerical solutions with a weakly nonlinear analysis, that
describes primary consequences of salt addition and highlights the effect of nonlinearities on the phase
segregation behavior.

Introduction

Polyelectrolyte (PE) gels are becoming strong candidate mate-
rials for in vivo drug carriers, artificial muscles, and microfluidic
devices; besides their current use in disposable diapers and
sanitary napkins.1-6 They possess a rich phase behavior originat-
ing from the intricate balance of network elasticity, vanderWaals
forces, and electrostatic interactions that can be tuned by
environmental stimuli such as temperature, pH, salt, light, electric
field, etc.7-12 This includes their ability to undergo large revers-
ible volume changes with increase in solvent hydrophilicity or an
increase in charge of the polymer backbone. In situations where
the electrostatic and the van derWaals forces between the mono-
mers compete, that is, for PE gels in poor solvents, an intra-
network phase separation occurs;to regions dense and depleted
in polymer.13-17 The intranetwork phase separation in PE gels is
conceptually similar to the microphase separation of polyelec-
trolyte solutions, but is more pronounced in gels as the elastic
retractions of the network structure pose restrictions to a com-
plete collapse. Moreover, the size of the resulting dense domains
are often in the nanometer range,18,19 and are dictated by the
network inhomogeneities and thermal fluctuations.20-22 The
coexistence of dense ionic regions with dilute swollen regions
opens possibility for their use as porous nanochannels for micro-
fluidic transport and similar applications.

Classical descriptions of polyelectrolyte gelswere derived using
the Flory-Huggins theory of polymer solutions and the classical
theory of rubber elasticity.23-25 Electrostatic effects enter these
descriptions as the translational entropy of mobile ions deter-
mined by an analogy with the Donnan membrane potential26 of
the association-dissociation equilibria of the salt in the gel and in
the solvent bath. The Coulomb interactions are neglected assum-
ing the gel to be homogeneous and therefore electrically neutral.
However, the assumption of homogeneity is no longer valid at
nanometer length scales where nanophase segregation is ex-
pected, andmore refined theories are needed to capture the phase

behavior.27-29 Recently, Jha et al.30 have developed a model of
salt-free gels with one-dimensional density inhomogeneities,
where the Coulomb interactions are handled by the full solu-
tion of Poisson equation using a Green’s function formalism.
A numerical free energy minimization was carried out using the
gradient projection algorithm to establish the inception criterion
and the domain size of the resulting lamellar nanostructures.
Comparing these results with those obtained from a linear
model based on the random phase approximation (RPA), they
showed the importance of nonlinear effects in the study of
nanophases in gels.

In this paper, we propose a continuum theory of polyelec-
trolyte gels to investigate the salt effects on their nanophase
segregation behavior. The free energy functional of Jha et al. is
extended to include salt effects, and equilibriumphase behavior is
determined by the steady state solution of time-dependent
Ginzburg-Landau evolution equations using an efficient spec-
tral technique.31 The numerical solutions show a transition
between no phase separation, nanophase segregation, and
macrophase separation. The parameter regime and the wave-
length of the nanophase show strong dependence on the salt
concentration. We also present a weakly nonlinear analysis that
provides useful insight into the underlying physics of this phase
segregation behavior, and shows reasonable agreement with the
numerical solutions.

Model

A proper thermodynamic description of polyelectrolyte gels
requires the knowledge of various forces that influence their
response for the length and time scales in consideration. At
macroscopic length scales of homogeneous networks, gel re-
sponse is determined by the solvent-mediated van der Waals
forces between monomers, the translational entropy of mobile
ions, and the elastic restoring forces of the network. Assuming
that the degrees of freedom associated with all these interactions
are independent of each other, a normalized free energy density of
a gel sample of volume V can be given as the sum of individual*E-mail: m-olvera@northwestern.edu.
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interactions,

F ¼ Fta
3

kBTV
¼ FvdW þFentropic þFelastic ð1Þ

whereFt is the total free energy, a is themonomer size taken equal
to that of solvent molecules andmobile ions, kB is the Boltzmann
constant, and T is the temperature. The van der Waals inter-
actions, FvdW, is given by,

FvdW ¼ χφð1-φÞþ ð1-φÞ lnð1-φÞ ð2Þ

where χ is the Flory-Huggins parameter for solvent quality, and
φh is the volume fraction of themonomers. Second term in eq 2 can
be interpreted as the mixing contribution or the entropy of
solvent molecules. The translational entropy of mobile ions gives
rise to a contribution,

Fentropic ¼ c ln cþ s ln s ð3Þ

where c and s are the volume fractions of the co-ions and
counterions, respectively. The linear terms are neglected here
due to the conserved ion and polymer constraints discussed
below. For a salt volume fraction cs and a monomer charge
fraction f, c= cs, and s= csþfφh, where the polymer is assumed to
be negatively charged and all ions are monovalent. We assume
the gel to be strongly charged and at constant pH, such that the
monomer charge fraction (or the fraction of ionized groups) can
be treated as constant. The elasticity of the network is obtained
under the assumption of affine deformation of a network of cubic
topology, composed of finite strands ofNmonomers between the
cross-links. Since charged chains have the tendency of being
overstretched, we use the inverse Langevin approximation to
describe chain elasticity. That is, the net force acting on a chain
is given by the inverse Langevin function, L -1(H) ≈ (3H-H3)/
(1 - H2),32,30 where H is the scaled extension defined as the
ratio of the end-to-end distance of the chain (h) to the maximum
possible extension (hmax =Na). The elastic free energy density is
given by the integral of L -1(H) multiplied by the density of
strands, which reads after simplification,

Felastic ¼ φ

3

3ζ

4
- ln 1-

3ζ

2

� �� �
ð4Þ

where ζ = 2/(31/3N 4/3
φh2/3), assuming isotropic deformation.

Combining eqs 2, 3, and 4, the free energy density of the
homogeneous gel (eq 1) is given as,

F ¼ χφð1-φÞþ ð1-φÞ lnð1-φÞþ c ln cþ s ln s

þ φ

3

3ζ

4
- ln 1-

3ζ

2

� �� �
ð5Þ

Extension of the above formalism to an inhomogeneously
deformed gel requires replacing the average volume fractions,
{φh, c, s}, by the local volume fractions, {φ(rB), c(rB), s(rB)},
followed by an integration over the gel volume. Inhomogene-
ities also give rise to an additional interfacial energy, C|rφ|2,
where C= 1/36φh(1 - φh) is a coefficient derived using the
random phase approximation of polymer solutions.24 Fur-
ther, a Coulomb term needs to be included to account for the
excess charge, F(rB)= s(rB)- c(rB)- fφ(rB), that builds up in the
gel in the event of nanophase segregation. In the following

discussion, the spatial dependence of volume fractions is
assumed to be implicit for brevity, meaning {φ, c, s, F}�{φ(rB),
c(rB), s(rB), F(rB)}. The free energy functional for the inhomo-
geneous gel is given by

F ¼
Z

drB
ζ

6
� φ

2
ðμ12 þμ2

2 þμ3
2Þ-φ

3
ln 1-

ζ

2
ðμ12 þ μ2

2 þ μ3
2Þ

� �� �

þ
Z

drB fχφ ð1-φÞþ ð1-φÞlnð1-φÞþ c ln cþ s ln sþCjrφj2g

þ
Z

drB rΦ-
1

8πlB
jrΦj2

� �
ð6Þ

in dimensionless units with a and kBT being the length and
energy scales respectively, and the above integral is over the
volume of the inhomogeneous gel. Φ � Φ(rB) is the dimen-
sionless electrostatic potential obtained as the solution of the
Poisson equation32Φ=-4πlBF, where lB= e2/4πεε0kBTa is
the dimensionless Bjerrum length; ε and ε0 being the relative
static permittivity of the solvent and the vacuum permittivity,
respectively. The first two terms in eq 6 are the elastic energy
of the polymer network subjected to a general deformation
with eigenvalues μ1, μ2, and μ3 derived using the inverse
Langevin approximation discussed above. These eigenvalues
are related to changes in the polymer volume fraction by
μ1μ2μ3 = φh/φ.

To illustrate salt effects on the nanophase segregation behavior
of gels, we consider a simplifiedmodel with inhomogeneities only
in thex-direction, that is, μ2=μ3=1andμ1=φh/φ. In this picture,
the nanophase will correspond to lamellar domains of periodicity λ
as shown in Figure 1. Equation 6 reduces to

F ¼
Z

drB
ζ

6
� φ

2
2þ φ

φ

 !2
2
4

3
5-

φ

3
ln 1-

ζ

2
2þ φ

φ

 !2
2
4

3
5

0
@

1
A

8<
:

þ χφð1-φÞþ ð1-φÞ lnð1-φÞþCjrφj2 þ c ln cþ s ln s

þ rΦ-
1

8πlB
jrΦj2

� �9=
; ð7Þ

The equilibrium density distributions {φ, c, s} and the electro-
static potentialΦ are determined by the minimization of the free
energy functional (eq 7). The minimization procedure is carried
out under the conservation constraints,

Z
drB ½φ-φ� ¼ 0,

Z
drB ½c- c� ¼ 0,

Z
drB ½s- s� ¼ 0 ð8Þ

Figure 1. Homogeneous (swollen) and lamellar phases of the model
polyelectrolyte gel.
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where (φh, c, s) are the average volume fractions. Note that the
electroneutrality conditionZ

drB ½s- c- fφ� ¼ 0 ð9Þ

is automatically satisfied.

Numerical Solutions

The equilibrium phase behavior is attained by the steady-state
solution of the time-dependent Ginzburg-Landau equations

∂Xi

∂t
¼ -ΓXi

δF

δXi
ð10Þ

where Xi represent {φ, c, s, Φ} and ΓXi
are phenomenological

constants. The system evolves toward the free energy minimum
through these dynamical equations since

dF

dt
¼
Z

drB
X
Xi

δF

δXi

∂Xi

∂t
¼
Z

drB -
X
Xi

ΓXi

δF

δXi

� �2
2
4

3
5 < 0 ð11Þ

Thus, the volume fraction distributions {φ, c, s} and the electro-
static potential Φ that minimize eq 7 are obtained when the
dynamic equations reach steady state (i.e., ∂φ/∂t = 0, ∂c/∂t = 0,
∂s/∂t = 0, and ∂Φ/∂t = 0).

Equation 10 with the usage of the free energy functional F
(eq 7) does not meet the conservation constraints listed in eq 8.
Thus, we use a modified free energy functional

F 0 ¼ F þΛφ

Z
drB ½φðrBÞ-φ� þΛc

Z
drB ½cðrBÞ- c�

þΛs

Z
drB ½sðrBÞ- s� ð12Þ

with the Lagrange multipliers

ΛXi
¼ -

R
drB

δF

δXiR
drB

ð13Þ

The modified evolution equations that obey the conservation
constraints listed in eq 8 are

∂Xi

∂t
¼ -ΓXi

δF 0

δXi
ð14Þ

Note that the values of Lagrange multipliers, ΛXi
, change as

{φ,c,s} evolve toward the free energy minimum state through
above equations. Hence, ΛXi

are updated using eq 13 for each
iteration.

Since the electrostatic fields reach equilibriummuch faster than
redistribution of volume fractions, the electrostatic potential can
be treated as in equilibrium state at any instant (i.e., ∂Φ/∂t=0) on
the time scales of volume fraction redistribution. Therefore, the
evolution equation of Φ becomes

∂Φ

∂t
¼ -ΓΦ

δF 0

δΦ
¼ 0 ¼ -ΓΦ rþ 1

4πlB
r2Φ

� �
ð15Þ

which recovers the Poisson equation, 32Φ = -4πlBF.
The numerical solution of the evolution equations (eq 14) is

complicated by the nonlinearities in the free energy functional
(eq 7). Making use of the periodic symmetry inherent in our
model, we employ periodic boundary conditions, and the evolu-
tion equations are solved using an efficient spectral technique.31

Although our numerical scheme is conceptually similar to the
gradient projection algorithm used by Jha et al.,30 it has several
advantages over the former approach. First, for a smoothly
varying lamellar solution, the spectral method requires lesser

number of grid points to resolve the same numerical accuracy.
Second, compared to the real space Green’s function solution for
Φ used by Jha et al.,30 the solution of Poisson equation in the
reciprocal space is simpler

Φ
KB ¼ 4πlB

r
KB

jKBj2
ð16Þ

where ΦKB and FKB are the Fourier amplitudes associated with Φ
and F respectively.Φ is associatedwith {FKB} through the relation,

Φ ¼
X
KB

Φ
KBe

iKB 3 rB ¼ 4πlB
X
KB

r
KB

jKBj2
eiKB 3 rB ð17Þ

Third, the evolution equations provide a general framework to
study dynamics in these systems, if proper mobility coefficients
are inserted for the phenomenological constants ΓXi

in eq 14 and
diffusion dynamics is introduced for corresponding physical
quantities. However, since the equilibrium solutions do not
depend on ΓXi

, we set them equal to unity in this work.
To explore the parameter regime for nanophase segregation, we

solve the evolution equations for different box length Lx along
x-direction. The periodicity of the minimum energy density state,
λ, is determined from the steady state profiles. The wavelength
of lamellar phase is characterized by a finite nonzero λ, while a
homogeneous solution and an unbounded energy density solution
correspond to no phase separation and macrophase separation,
respectively. The numerical solution is carried out with a mesh size
Δx less thanπ/4 (in units of a) to ensure numerical accuracy.A time
step Δt between 0.001-0.01 is used, in dimensionless units.

The excess free energy density, ΔF, defined as the energy
difference between the steady state solution and the swollen gel
(i.e., eq 5) per unit volume, is plotted as a function ofLx for various
salt concentrations inFigure 2and3 for (φh,χ, f, lB)=(0.05, 2.4, 0.5,
1.0). For the salt-free case in Figure 2, the swollen gel is stable
against perturbations. The nanophase starts to appear as a small
amount of salt is added into the system. In the region where the
lamellar phase is the ground state, the wavelength of the lamellar
phase increases with salt concentration. This trend continues until
the salt concentration exceeds a critical value, in this case, cs∼ 1�
10-2, beyond which minimum energy density state is that corre-
sponding toLxf¥,meaningmacrophase separation, as illustrated
in Figure 3. Multiple free energy minima are observed as Lx

increases continuously, as shown in Figure 2. However, the nano-
phases observed at higher values ofLx are exactly the same lamellar
nanophase that appears at the first free energy density minimum
but with multiple periods. For the above parameters, we find that

Figure 2. Excess free energy density ΔF against system length Lx in
x-direction, showing the swollen gel-nanophase transition with in-
crease in salt concentration. The model parameters are φh= 0.05, N =
100, χ=2.4, f=0.5, and lB=1.ForLx<1, the swollen gel state is the
ground state.
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thewavelength of the lamellar nanophase increases by∼12%as the
salt concentration varies from 0.001 to 0.01. As is evident, inhomo-
geneities can be induced by the introduction of salt, that suggests
salt addition as a promising means to control the nanophase
segregation behavior.

To examine the influence of salt on the phase behavior inmore
detail, we construct phase diagrams as shown in Figure 4 and
Figure 5. In Figure 4, we plot the χ-f phase diagram for a fixed
Bjerrum length (lB = 1.0) and various salt concentrations. For
each value of f, the inception of nanophase from swollen phase is
determined by increasing χ from a very low value (good solvent
regime) in small steps until the inhomogeneities start to develop.
The onset of macrophase separation from nanophase regime is
obtained by running an extended system in x-direction (i.e.,Lx=
8π) and keep increasing χ until the gel collapses. The shift of
the nanophase-macrophase is observed to be larger than the
swollen gel-nanophase phase boundary as the salt concentration
increases. This translates to significant shrinkage of the stable
nanophase region with increase in salt concentration. For much
higher salt concentrations, the region of stable nanophase even-
tually collapses. In Figure 5, the f-cs phase diagram is plotted for
a fixed value of χ and various Bjerrum lengths. The phase
boundaries are determined in a similar fashion as stated earlier.

In summary, it is suggested that nanophases are relatively easier
to form in a polyelectrolyte gel in solvents with high dielectric
permittivity and/or low salt concentrations.

An intuitive way to understand these phase diagrams is to re-
examine how salt enters into the free energy functional in eq 7.On
the one hand, salt ions lead to an additional translational entropy
compared to the salt-free case. Hence, any localization of the
monomers driven by the hydrophobic interactions, quantified by
the interfacial energy coefficient C and the solvent quality χ,
competes with the tendency of the mobile ions to be more
dispersed because of the higher entropy; giving rise to an early
inception of nanophases in certain cases as seen in Figure 2. On
the other hand, screening by salt or an increase in dielectric
permittivity of solvent reduces the Coulomb repulsions, giving
rise to a shrinkage of nanophase region as seen in Figure 4 and
Figure 5. In fact, for very high salt concentration or very low
dielectric permittivity of solvent, we expect the gel to undergo a
continuous transition from swollen to collapse phase with no
intermediate nanophases. It is important to point out that the
various physical interactions in our model system are strongly
coupled to each other and are highly nonlinear. Therefore, the
above reasoning based on pure intuition, is insufficient to
describe the entire phase diagram. To analyze the nonlinear
effects in more detail, and to gain further insight into the phase
behavior,weperformaweakly nonlinear analysis discussed in the
following section.

Weakly Nonlinear Analysis

For small perturbations in volume fractions from the homo-
geneous phase, the free energy functional of the model gel can be
approximated by a Taylor expansion to the fourth order around
the homogeneous solutions,

F ¼
Z

drB gðφ, c, sÞþCjrφj2 þ rΦ-
1

8πlB
jrΦj2

� �

=

Z
drB gðφ, c, sÞþ 1

2

∂
2g

∂φ2

�����
φ, c, s

δφ2 þ 1

2

∂
2g

∂c2

�����
φ, c, s

δc2 þ 1

2

∂
2g

∂s2

�����
φ, c, s

δs2

þ 1

4!

∂
4g

∂φ4

�����
φ, c, s

δφ4 þ 1

4!

∂
4g

∂c4

�����
φ, c, s

δc4 þ 1

4!

∂
4g

∂s4

�����
φ, c, s

δs4

þCjrφj2 þ rΦ-
1

8πlB
jrΦj2

� �
ð18Þ

Figure 3. Excess free energy density ΔF against system length Lx in
x-direction, showing the nanophase-macrophase transition with in-
crease in salt concentration. The model parameters are φh= 0.05, N =
100, χ=2.4, f=0.5, and lB=1. ForLx<1, the swollen gel state is the
ground state.

Figure 4. χ-f phase diagram for different salt concentrations. Swollen
gel - nanophase transition lines are shown in dotted (hollow symbols)
and solid lines for numerical solutions andweakly nonlinear analysis.The
nanophase-macrophase transition lines computed from numerical solu-
tions are represented by dashed lines (filled symbols). Salt-free, cs=1�
10-2, and cs=2� 10-2 are represented by circles, squares, and triangles,
respectively. The model parameters are φh= 0.05,N= 100, and lB = 1.

Figure 5. f-cs phase diagram for different Bjerrum length. Swollen
gel-nanophase transition lines are shown in dotted (hollow symbols)
and solid lines for numerical solutions and weakly nonlinear analysis.
The nanophase-macrophase transition lines computed fromnumerical
solutions are represented by dashed lines (filled symbols). The model
parameters are φh = 0.05, N = 100, and χ = 2.40.



9164 Macromolecules, Vol. 43, No. 21, 2010 Wu et al.

where

gðφ, c, sÞ ¼ ζ

6
� φ

2
2þ φ

φ

 !2
0
@

1
A-

φ

3
ln 1-

ζ

2
2þ φ

φ

 !2
0
@

1
A

2
4

3
5

þ χφð1-φÞþ ð1-φÞ lnð1-φÞþ c ln cþ s ln s ð19Þ
The linear and cubic order terms in eq 18 vanish due to the
symmetry of lamellar phases. However, for more general
deformations, a cubic term retains for patterns such as hex-
agonal and body-centered cubic phases, and it plays a crucial
role in phase competition.

In the limit that the variations {δφ, δc, δs} are small, these
variations of periodic lamellar phases (with periodicity of 2π/k) can
be approximated as plane waves with the wavenumber k, that is

δφ ¼ Aφðeikx þ e- ikxÞ, δc ¼ Acðeikx þ e- ikxÞ,
δs ¼ Asðeikx þ e- ikxÞ ð20Þ

where Aφ, Ac, and As are the corresponding amplitudes. In
contrast to the case of neutral polymer blends where the
minority component varies as the second harmonic 2k,33

the co-ions and counterions in the charged gel adapt the same
principal wavenumber due to electrostatic interactions. Note
that the plane wave approximation is only valid when the
thermal fluctuations are much smaller than the density
variations. For an isotropic system, it is well established that
including fluctuations could dramatically change the transi-
tion phase boundary as well as the stability of competing
patterns.34-39

The free energy can be expressed in terms of these amplitudes
and k by substituting above ansatz eq 20 into eq 18. For example,
the gradient energy and electrostatic energy are given as,

Z
drB Cjrφj2 ¼

Z
drB 4Ck2Aφ

2 sin2 kx ð21Þ

and Z
rΦ-

1

8πlB
jrΦj2

� �
drB ¼

Z
1

2
rΦ drB

¼
Z

8πlB
ðAs -Ac - fAφÞ2

k2
cos2 kx drB ð22Þ

After integrating over one periodicity, eq 18 is reduced to a
function of {Aφ,Ac,As} and k. The solutions of {Aφ,Ac,As} and k
are obtained by requiring that the derivatives of the free energy
with respect to each of these variables vanish (i.e., ∂F /∂Aφ = 0,
∂F /∂Ac = 0, ∂F /∂As = 0 and ∂F /∂k = 0). The free energy is
then calculated by substituting these solutions into the free energy
expression. We define the excess free energy density as

ΔF ¼ k

2π
ðF -

Z
gðφ, c, sÞ drBÞ ð23Þ

Nanophase segregation is favoredwhenΔF <0and the solution
exists for a finite value of k.

Figure 6 shows the solutions of {Aφ,Ac,As} as functions of the
salt concentration cs. The absolute value of amplitudes grows
with salt concentration; and the amplitude of co-ions has oppo-
site sign with respect to that of polymer and counterions as a
result of electrostatic repulsion.Figure 7 shows the solution of k
as a function of the salt concentration cs, compared against
numerical solutions of eq 6. The prediction of wavenumber from
weakly nonlinear analysis is in good agreement with numerical

solutions at low salt concentration. As the salt concentration
increases, the predictions of weakly nonlinear analysis deviates
from numerical solutions since the assumption of small perturba-
tions around the mean value is no longer valid. The comparison
of volume fraction profiles obtained by the weakly nonlinear
analysis and the numerical solutions are shown in Figure 8.
Again, the weakly nonlinear analysis accurately describes the
lamellar nanophases in the low salt regime, see Figure 8a.
Figure 8b gives an example of volume fraction profiles near the
critical salt concentration, where macrophase separation is ex-
pected to occur if more salts are added, and the weakly nonlinear
analysis begins to deviate from the numerical solution.

It is interesting to note that the length scale of the nanophase
arises from the competition between energy contributed from
inhomogeneities and the electrostatic energy, since all other terms
do not depend on k explicitly. The relation between the wave-
number and amplitudes is determined by the equation,

∂F
∂k

¼ 0 ¼ 4CkA2
φ -

8πlB
k3

ðAs -Ac - fAφÞ2 ð24Þ

which results in

k ¼ 2πlBðAs -Ac - fAφÞ2
CAφ

2

 !1=4

ð25Þ

Figure 6. Solutions of amplitudes from weakly nonlinear analysis as
functions of salt concentration. The model parameters are φh = 0.05,
N = 100, χ = 2.4, f = 0.5, and lB = 1.

Figure 7. Comparison of wavenumber obtained from the weakly non-
linear analysis and the numerical solution. The model parameters are
φh = 0.05, N = 100, χ = 2.4, f = 0.5, and lB = 1. The discrepancy
between weakly nonlinear analysis and the numerical solution is less
than 1% at c = 6 � 10-3.
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The salt effect on the volume fraction of polymer gels can be
derived using eq 23. We have

ΔF ¼ ΔF φðAφÞþ 2Ck2Aφ
2 þ 4πlB

k2
ðAs -Ac - fAφÞ2

þ 1

c
Ac

2 þ 1

2c3
Ac

4 þ 1

s
As

2 þ 1

2s3
As

4 ð26Þ

where

ΔF φðAφÞ � - 2χAφ
2 -

1

φ- 1
Aφ

2 þ 1

2ðφ- 1Þ3 Aφ
4 þ 1

φ

4

3
β2 -

2

3
β

� �
Aφ

2

þ ζ

6φ
Aφ

2 þ ζ

2φ3
Aφ

4 þ 1

φ3
8β4 -

56

3
β3 þ 13β2 - 2β

� �
Aφ

4

ð27Þ
and β � ζ/(3ζ - 2). The condition that Ac minimizes the free
energy gives rise to

∂ΔF
∂Ac

¼ 0 ¼ 2

c
Ac þ 2

c3
Ac

3 -
8πlB
k2

ðAs -Ac - fAφÞ ð28Þ

Substituting k using eq 25 in the above equation, we obtain

2

c
Ac þ 2

c3
Ac

3 þ 4ð2πlBCÞ1=2Aφ ¼ 0 ð29Þ

In the limit that Ac/c , 1, we have

Ac ¼ - c
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
Aφ ð30Þ

which has the opposite sign to Aφ, consistent with the results in
Figure 6. Repeating the same calculation for As, we obtain

As ¼ s
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
Aφ ð31Þ

The dependence of the characteristic length scale of the nano-
phase on salt concentration is obtained by substituting eq 30 and
eq 31 into eq 25, we obtain

k ¼ 2πlB
C

� �1=4

ð f - ð2cþ fφÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
Þ1=2 ð32Þ

Hence, the wavenumber of the nanophase decreases as the salt
concentration increases as shown in Figure 7. The salt depen-
dence of Aφ can be derived using ∂ΔF /∂Aφ = 0, which yields

∂ΔF
∂Aφ

¼ Δ0F φðAφÞþ 4Ck2Aφ -
8πlBf

k2
ðAc -As - fAφÞ ¼ 0

ð33Þ
whereΔ0F φ(Aφ) is the derivative ofΔF φwith respect toAφ, and
has a general formΔ0F φ(Aφ) = R1Aφþ R3Aφ

3. Using eqs 25, 30,
and 31; eq 33 reduces to

∂ΔF
∂Aφ

¼ Δ0F φðAφÞþ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
ð2f - ð2cþ fφÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
Þ

¼ R0
1Aφ þR3A

3
φ ¼ 0

ð34Þ
where

R0
1 � R1 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
ð2f - ð2cþ fφÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBC

p
Þ ð35Þ

and the amplitude is

Aφ ¼ -
R0

1

R3

� �1=2
ð36Þ

Since R3 is positive, it requires that R0
1<0 in order to have

nanophases. In this regime, as salt concentration increases, R0
1

becomes more negative; thus, Aφ becomes larger that is consistent
with results shown in Figure 6. In addition, the above analysis
elucidates the role of salt controlling transition from swollen gels to
nanophases.WhenR0

1 is greater than zero, the solutionofAφ is zero
that corresponds to a swollen gel. The transition from swollen
gels to lamellar nanophases occurs as R0

1 changes sign as salt con-
centration increases. The phase boundaries between swollen gel
and nanophase computed using the weakly nonlinear analysis with
the condition that R0

1 = 0 are compared to numerical solutions in
Figure 4 and Figure 5. The weakly nonlinear predictions are in
quantitatively good agreement with numerical solutions.

It is important to note that effects of thermal fluctuations can be
included in the above analysis using Hartree approximation,34-38

wherein the total free energy is a sum of the mean field free energy
and the Hartree contribution. When fluctuations for different
wave vectors are uncorrelated, the Hartree contribution contains
solely a quadratic term that modifies the quadratic coefficient
R0

1 which leads to a shift of the phase boundary.

Conclusions

We have presented a continuum theory of polyelectrolyte gels
that includes van der Waals forces, entropy of mobile ions,
elasticity of the network structure, interfacial energy due to

Figure 8. Comparison of equilibrium distribution of volume fractions
obtained from weakly nonlinear analysis and the numerical solution.
Themodel parameters areφh=0.05,N=100,χ=2.4, f=0.5, and lB=1.
The salt concentration is c=5� 10-3 and c=1� 10-2 in parts a andb,
respectively.
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polymer inhomogeneities, and Coulomb interactions. The nu-
merical solutions show that the nanophases can be induced from
a swollen gel by the addition of salt, and a complete collapse
occurs as the salt concentration exceeds a critical value for gels in
poor solvent. The transition from the homogeneous phase to a
strongly correlated periodic state is expected to be first order in
nature. We show that the wavelength of nanophases can be
controlledbyvarying salt concentrationwhich suggests a possible
means to design nanostructures. In addition, we show that the
phase diagrams of polyelectrolyte gels are significantly affected
by the Bjerrum length that relates to the dielectric permittivity of
solvent, and hence provide an additional means of control. The
nanophases are shown to be favored for high solvent permittivity
and/or low salt concentrations. We have also derived a weakly
nonlinear analysis of polyelectrolyte gels to predict the swollen
gel-nanophase transition so as to provide extra insight into the
salt effects we observe in the numerical solutions. Since the
weakly nonlinear analysis reasonably predicts the volume frac-
tions profiles and the wavelength of nanophases, it is useful as a
guide to estimate these values without having to solve the full
nonlinear problem. However, we expect fluctuations to modify
these predictions if the transition is predicted to be nearly
continuous. Moreover, we expect the weakly nonlinear analysis
to fail near macrophase separation transition since the small
variation assumption of volume fractions is no longer valid.
Thermal fluctuations can be included in the current approach by
adding a stochastic noise term in the evolution equations.40

In the present work, we limit our analysis to salt effects in
uniformly cross-linked gels. This ideal scenario is hard to achieve
in experiments, that are further complicated by the effects of
cross-link inhomogeneities, which in turn depends on the condi-
tions of preparation.41-43 Also, while the existence of a char-
acteristic wavelength in the nanometer range is clearly demon-
strated in scattering experiments on PE gels in poor solvent
conditions,14,18,21 we are not aware of an experimental evidence
of the periodic symmetry of nanostructures. This might be due to
the presence of thermal fluctuations that are expected to suppress
the periodicity of the nanostructures, and may lead to the
formation of percolated structures,44 or deformed lamellar struc-
tures with no long-range periodicity. Nevertheless, we believe,
well-defined periodic structures can be realized in controlled
experimental systems containing PE gels where electrostatic
interactions are dominant, similar to the lamellar nanostructures
observed in recent studies on polyelectrolyte-diblock copolymer
gels.45 Further, we only consider monovalent salt in this study
since our model does not resolve short-range electrostatic corre-
lation effects (e.g., ion condensation and ion pairing) observed in
multivalent salt solutions.46-51 The treatment of short-range
electrostatic correlations is problematic within this continuum
approach, as opposed to particle-based simulationmethods.52-56

Unfortunately, the advantages of particle-based simulation
methods are overshadowed by the limitations on the simulation
size that can be studied, because of the large relaxation times of
polymer network and expensive computation of long-range
interactions.

Our methodology provides a useful guide to design and
engineer nanophases in polyelectrolyte gels. Although we con-
sider only lamellar nanostructures in this paper, other structures
can be obtained by the same formulation with a more general
deformation of gels. The weakly nonlinear analysis can also be
easily generalized to general deformations. It is of interest to use
this method to investigate stability of different phases to obtain a
complete phase diagram and study phase transition between
different phases. In addition, a time-dependent Ginzburg-
Landau approach is used to obtain the steady state solution of
resulting free energy. Although the time evolution of gels is
irrelevant in this study, this approach can be used to study the

dynamic phenomenon in gels associated with the gelation pro-
cess57-59 chemical reactions.60-62 Further, for simplicity in
consideration, we limited our model to strongly charged gels
with a fixed charge fractions at a constant pHand constant dielec-
tric permittivity. However, an extension of this idea to include
the effects of charge regulation brought by changes in pH,63,64 or
an interfacial adsorption due to dielectric inhomogeneities65-67

is straightforward. Efforts in these directions are currently
underway.
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